ABSTRACT. We present an application of the variational multiscale methodology to the computation of concentric annular pipe flow. Isogeometric analysis is utilized for higher order approximation of the solution using Non-Uniform Rational B-Splines (NURBS) functions. The ability of NURBS to exactly represent curved geometries makes NURBS-based isogeometric analysis attractive for the application to the flow through the curved channel.
INTRODUCTION
Isogeometric analysis (IGA) is a computational mechanics technology based on functions used to represent geometry [1, 2, 3, 8, 9, 14] . This idea is that the functions used for the geometric representation are directly utilized for analysis. In modern Computer Aided Design (CAD) systems, NURBS are the dominant technology. When a NURBS model is constructed, the basis functions used to define the geometry can be systematically enriched by h-, p-, k-refinement, without altering the geometry or its parameterization. Hence an adaptive mesh refinement techniques can be utilized independently without a link to the CAD database, in contrast with finite element methods. A distinguishing feature of isogeometric analysis is so-called k-refinement, in which the order of functions is increased together with their continuity. As a result, isogeometric analysis allows for higher-order and higher-continuity discretizations on complex geometries.
The incompressible Navier-Stokes equations represent the mathematical model for both laminar and turbulent flow states. Two parallel lines have been flowed in the past years to simulate incompressible turbulent flows that can be of engineering interest. On one side, the drawbacks of Reynolds Averaging Navier-Stokes (RANS) models combined with the impracticality to use Direct Numerical Simulation (DNS computations for high Reynolds number problems led to the development of Large Eddy Simulation (LES) strategies. On the other side the numerical problems that arise when trying to solve convection dominated flow problems have motivated the development of several stabilization strategies. A key point in the development of the these stabilization methods was the appearance of the subgrid scale stabilization approach or, as originally termed, the VMS (Variation Multiscales) method [12, 15] . Both approaches, LES and VMS applied to fluid dynamics, share some features like being based on a scale decomposition of the continuous velocity and pressure fields of the Navier-Stokes. In this work we employ the residual-based variational multiscale (RBVMS) turbulence modeling approach recently proposed in [3] (also see [5] for earlier reference). The modeling paradigm is based on the variational multiscale theory of turbulence [4, 7, 8, 9, 11] and the numerical experience of stabilized methods [4, 18] that are residual-based. The VMS provides a theoretical framework for general multiscale problems in computational mechanics by separating the scales of interest in a predetermined number of groups, usually two, coarse-scale and fine-scale, three groups have been considered as well, coarse resolved scales, fine resolved scales, and unresolved scales (i.e. the resolved scales are further distinguished ). Another interpretation for the VMS can considered as a new technique to take account the effect of neglected unresolved fine-scale onto the behavior of coarse-scale. It also has prepared a logical proof for the stabilized methods and a platform for the development of new computational technologies ( see [3, 7, 11, 17] for application to turbulence modeling and simulation). In VMS approach to solve turbulent flow, the scale separation is carried out by means of a projection onto the finite element space. Two equations are then obtained respectively governing the dynamics of the coarse and fine-scales. Resolved-scales are those that can be captured by the computational mesh, while unresolvedscales or subgrid scales are those not captured by the mesh. The unresolved-scale component can then be represented as the fine-scale Green's functions of the coarse-scale residual which is to be inserted in the resolved scales equation to account for their effects.The structure of the fine-scale Green's function was studied extensively in [17] .
VMS can be utilized to solve laminar and turbulent flow. We performed an residual-based isogeometric VMS to solve laminar and turbulent channel flow (for more details see [10] ). In present paper we apply IGA to construct an exact geometrical model of concentric annular channel and VMS to solve laminar flow to preserve the optimal rates of convergence regarding to curvature effect.
The structure of the paper is the following. In Section 2 a brief introduction to IGA and our general approach to build an exact geometric model are presented. In Section 3 the strong and weak forms of the incompressible Navier-Stokes equations and the discrete VMS formulation are presented. In Section 4 we present our numerical results.In Section 5 we summarize and conclude.
ISOGEOMETRIC ANALYSIS (IGA)
This section gives a very brief overview of isogeometric analysis based on NURBS and model construction as well. A more detailed description of the isogeometric approach may be found in [20] . FIGURE 1. Exact geometric model of flow domain between concentric circular cylinder generated from linear in the axial and radial directions while, quadratic NURBS in the circumferential direction. Black points and green lines represent the control points and control edges, respectively.
2.1.
One-dimensional B-splines and NURBS. From a mathematical point of view generating curves,surfaces or volumes using control points depends on some approximation or interpolation scheme which relies on the choice of basis function. NURBS basis functions are a generalization of non-rational B-spline basis functions which may be defined recursively using the Cox-deboor formulas in the one-dimensional case. Let U = {u 0 , ..., u m } be a nondecreasing sequence of real numbers, i.e., u i ≤ u i+1 , i = 0, ..., m − 1. The u i are called knot, and U is the knot vector. The i th B-spline basis function of p th degree (order p + 1) , denoted by N i,p (u), is defined as
For the definition of a one dimension entity, i.e. a curve, a knot vector U consists of n + p + 1 knot values, where n is the number of basis functions and again the same as the number of control points. Repeated knots reduce continuity by one at the corresponding location per each knot repetition. In an open knot vector, p + 1 knots with the same coordinates are defined at either end of the patch. Rational B-spline entities are obtained by projective transformation of the non-rational B-spline data set, where w i is referred to as the i th weight.
Weights, associated with each control point is required for the above mentioned projective transformation of non-rational B-spline control point data. If all weights are equal to one nonrational B-spline are obtained. Higher-dimensional basis functions are calculated by the tensor product of the shape functions of the one-dimensional case.
Model construction.
In this section a brief description of the model construction will be presented. The cylinder shown in Figure 1 has an inner radius of R i = 2, and an outer radius of R o = 4. The length of the cylinder is L = 9; for more details please see Appendix A. Our first goal in using IGA is the construction of the exact model. Toward this goal, NURBS quadratic and cubic basis functions are employed. The second important feature of IGA will be achieving C 1 -and C 2 -continuity across element interfaces corresponding to quadratic and cubic NURBS elements, respectively. The coarse mesh uses quadratic basis function in all three parametric directions. In order to preserve C 1 -continuity across element interfaces when quadratic NURBS elements are employed, a model with 8 patches is constructed; see Appendix B for further details. The approach ensures C 1 -continuity in the solution (velocity, pressure, etc.) across element interfaces inside every patches and C 0 -continuity across the patch interfaces. C 1 -continuity of the solution across the patch boundary is enforced by applying a constraint equation. Figure 2 illustrates the idea. 
where u is the velocity, f is the force (per unit mass), ν is the kinematic viscosity, p is the pressure divided by the density and ⊗ denotes the tensor product (e.g. in component notation,
Equations. (3.1) and (3.2) are the balance of linear momentum and incompressibility constraint. These equations must be supplied with an initial condition of the form u = u 0 in Ω, t = 0 and a boundary condition which, for simplicity, will be taken as u = 0 on Γ, t ∈]0, T [. We also define ∇ s u as follows:
To formulate the weak statement of the problem, V denotes both the trial solution and weighting function spaces, which are assumed to be identical. We assume
where
Residual-based variational multiscale method. We consider a direct-sum decomposition of V into coarse-scale and fine-scale subspace, V h and V ′ respectively.
V h is assumed to be a finite-dimensional space, while V ′ is infinite-dimensional. The first step consists of the multiscale decomposition of the original fields,
′ } stand for the coarse-scales (resolved-scale) and fine-scale (unresolved-scale) components of the solution, respectively. Equations (3.8) and (3.9) designate coarse-and fine-scale equations, respectively. The left-hand side of equation (3.8) consists of the following terms:
Also, we can rewrite (3.10) as follows:
The first term on the right-hand side of equation (3.11) is referred to as the Galerkin term, which is defined in (3.12); the second term is assumed to be equal to zero because the time dependence of u ′ is neglected, leading to a quasi-static modeling of the fine-scales. The third and fourth terms represent cross stress and the fifth term is the Reynolds stress. The fourth and fifth terms produced by the variational multiscale method are not accounted for in classical stabilization methods, such as SUPG and GLS, which only include the third term. The last term on the right-hand side of (3.11) is assumed to be zero due to an orthogonality condition induced by the Dirichlet projector. See [3] for further details and elaboration. Now we focus on equation (3.9) which is the fine-scale equation. The left-hand side of (3.9) consists of the following terms:
We can rearrange equation (3.9) by considering equation (3.13) in the following form:
The first two terms in equation (3.15) can be expressed as
19) Finally, we can rewrite equation (3.15) as follows:
Since solving equation (3.20) is almost as daunting as solving the original Navier-Stokes system, several simplifying assumptions are considered [3] . The assumptions are that ∇ · u ′ ∼ 0 and ∇ · w ′ ∼ 0. Thus, equation (3.20 ) is reduced to :
Equation (3.21) may be interpreted as the fine-scales being driven by the residual of the coarse-scale equation, r M . In addition to the above simplifying assumptions, u ′ is approximated through an algebraic model. We model the fine scales as in [7] :
where τ is a 4 × 4 matrix and R(U h ) is a 4 × 1 vector that collects momentum and continuity residual of the Navier-Stokes equations,
We define τ as follows:
(3.26) with G a second rank metric tensor
and g a vector obtained from the column sums of
x and ξ denote the coordinates of elements in physical and parametric space, respectively. Also, ∆t is the time step size and C t and C I are non-dimensional positive constants, independent of the mesh size. C t is set to 4 and C I is considered 36, 36 × 4 and 36 × 9 for linear, quadratic and cubic elements respectively. Combining (3.8), (3.11) and (3.22), we obtain our discrete formulation:
The superscripts MS and G stand for multiscale and Galerkin, respectively. Now, we consider the roles of the different terms in equation (3.30). The first term on the right-hand side of (3.30), defined in (3.32), is the Galerkin term; the next two terms are classical stabilization terms; and the last two terms are the additional terms produced by the variational multiscale method. From this perspective, classical stabilization methods, such as SUPG and GLS (see [18] ), are viewed as only stepping stones toward the full variational multiscale method. In the sequel, A is the nodal index in standard finite element analysis, and the control point index in NURBS-based isogeometric analysis, {e i } is the i th Cartesian basis vector and V and P denote the vectors of control-variable degrees-of-freedom of velocity and pressure, respectively. It is assumed that velocity and pressure are expanded in terms of the same basis, denoted by {N A } n b A=1 , where n b is the number of basis functions. Two residual vectors corresponding to the momentum and continuity equations by substituting in (3.29) N A e i and N A for w h q h , respectively, which yields
We employ the generalized −α method [6, 19] . to advance equations (3.33)-(3.36) in time. This leads to a nonlinear system of equations to be solved at each time step for which we employ a Newton-Raphson procedure.During each Newton step we solve the linear system
where △V and △P denote the solution increments of velocity and pressure. For the details of the time integration and linearization see [3] . Figure 3 . A no slip Dirichlet boundary condition is set at the walls, while the axial and the circumferential directions are assigned periodic boundary conditions for every patch. The flow is driven by a constant pressure gradient, f x , acting in the streamwise direction. The values of the kinematic viscosity ν and the forcing f x are set to 10 3 and 3.0 , respectively.
Problem setup. The flow domain is described in

Numerical results. The computations were performed on 16
3 , 32 3 and 64 3 elements. For all meshes we employ C 0 -continuous linear, C 1 -continuous quadratic, and C 2 -continuous cubic NURBS. For all orders, in the stream-wise and the circumferential directions the number of basis functions is equal to the number of elements in these directions. On the other hand, due to the open knot vector construction, the number of basis functions in the wall-normal direction is n + p, where n is the number of elements in wall-normal the direction and p is the polynomial order. As an exact solution, the steady axial laminar flow is considered in the annular space between two concentric cylinders. Our numerical results are compared with the analytical solution, which is given in [21] , namely, ( − dp dx
The rates of convergence of the error measured in the L 2 -norm of velocity vs. mesh parameter, are presented in Figure 5 . As may be seen in Figure 5 , the slopes of the lines related to linear, quadratic and cubic approximations are almost two, three and four, respectively indicating second-, third-and fourth-order accuracy respectively. This means that the VMS formulation can successfully resolve the laminar flow as well as turbulent flow, without any modifications. In other words, the same formulation can be applied to any flow problem without any a priori information about the flow regime, which is another important advantage of the current residual-based VMS method.
CONCLUSIONS
The variational multiscale method has been utilized for solving the incompressible Navier-Stokes equations for the laminar. The residual-based VMS formulation has been shown to perform very well for fully resolved laminar flow. Furthermore, it has been shown that the current VMS formulation preserved the optimal order of accuracy and the fine-scale modeling is consistent with the resolved coarse-scale solution. Isogeometric analysis using C 0 -continuous linear, C 1 -continuous quadratic and C 2 -continuous cubic NURBS were employed to construct the model and for solution approximation.
In context of isogeometric concept, NURBS are capable of precisely modeling complex geometric configurations, we successfully employed in the complex laminar computations. Although classical finite elements are capable of approximating complex geometries, they are not capable of high-precision geometric modeling because curved geometries are modeled with piece-wise polynomial facets. 
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APPENDIX A
The cylinder shown in Figure 1 has an inner radius of R i = 2, and an outer radius of R o = 4. The length of the cylinder is L = 9. The coarse mesh uses quadratic NURBS basis functions in the circumferential direction, while linear in the radial and axial directions. The u 3 coordinate traverses the circumferential direction; the u 2 coordinate traverses the thickness, the u 1 coordinate the length. Table  1 represents the knot vectors for 8 patches. The control net and weights are given in Tables 2-9 . Rational solid basis functions are defined by combining the weights and one-dimensional basis functions using (A.1).
where u 1 , u 2 , u 3 are knots in the axial, radial and circumferential directions, respectively. The number of control points are n, m, and l in the axial, radial and circumferential directions respectively. The N , M , L, w represent the basis functions in each direction and the weight and p, q, r are the polynomial orders in each direction. The cylinder mentioned in section 2.2 used for our computations has an inner radius of R i = 2, and an outer radius of R o = 4. The length of the cylinder is L = 9. The coarse mesh uses quadratic in the all direction. The u 3 coordinate traverses the circumferential direction; the u 2 coordinate traverses the thickness, the u 1 coordinate the length. The control net and weights are given in Tables 11-18 . Rational solid basis functions are defined by combining the weights and one-dimensional basis functions using (A.1). 
